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The section conjecture was formulated by Grothendieck in 1983 in a letter to Faltings. For a field K and
and a K-variety X the étale fundamental group πet

1 (X) naturally surjects onto the absolute Galois group
GK of K; write

Sec(πet
1 (X) ↠ GK)

for the set of conjugacy classes of sections of this surjection. By functoriality there is a natural map
(1) X(K) → Sec(πet

1 (X) ↠ GK),
called the Kummer map. Grothendieck observed that when K is finitely generated over Q and X is a
hyperbolic curve then the map (1) is injective. Further he speculated about the image of the map (1); in
particular for X proper smooth curve of genus at least two he conjectured that the map (1) is in fact a
bijection.
This statement has become known as the Grothendieck section conjecture and it remains one of the most
important open problems in anabelian geometry. The section conjecture describes the set of K-rational
points on X, an object of fundamental independent interest in arithmetic geometry, in terms of certain
homomorphisms between profinite groups having close relationship to both arithmetic and topology.
In this series of three lectures we will discuss some aspects of the conjecture; the first talk is a general
introduction, the second one explains relations between the section conjecture and the theory of obstructions
of adelic points, finally the third talk various local-global principles for sections and is based on lecturer’s
own research.
We further provide a list of references of general interest for each of the lecture below.
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OVERVIEW ON GALOIS SECTIONS TALK 1

In this talk we give a general introduction to the topic of Galois sections for curves X over K. We will
introuduce the Kummer map and discuss its injectivity for general fields K. Further we will construct
sections from K-rational points lying on the boundary of X; these are called cuspidal sections.
Moreover we will discuss other variants (local and birational) of the section conjecture and show how they
are related to each other.
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SELMER SECTIONS AND OBSTRUCTIONS TALK 2

For a number field K and a K-variety there is a natural injection
X(K) ↪→ X(AK)

of the set of K-rational points into the set of adelic points of X. The classical Hasse principle asks whether
the existence of an adelic point already implies the existence of a K-rational point. There are more refined
methods of finding obstructions (Brauer-Manin, descent, étale Brauer-Manin ...) which cut off closed
subsets of the set of rational points; one can then ask a similar question whether their nonemptyness
implies the existence of a K-rational on X.
In the second talk we will introduce other classes of sections called Selmer and locally geometric sections
and discuss their close relationship to the theory of obstructions.
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LOCAL-GLOBAL PRINCIPLE AND REDUCTIONS OF SECTIONS TALK 3

In the final talk we will state a local-global principle for sections, namely that the conjugacy class of a
global section is uniquely determined by conjugacy classes of its localizations, and give a sketch of its proof.
Then we will introduce two fundamental problems for Selmer sections: adelicity and local cuspidality, and
how they are related to the global sections conjecture.
In the last part we will discuss the lecturer’s work towards some partial results for the above two problems.
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